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Abstract—Massive multiple-input multiple-output (MIMO)
systems are vital to current-generation wireless networks and
provide reliable communication at higher data rates. This ad-
vantage comes at the cost of enhanced signal processing at the
receiver. This work proposes a novel rescaled Kronecker volume
sampling (RKVS) based efficient multi-user data detector for
uplink massive MIMO communication networks. The proposed
RKVS detector has a faster asymptotic run-time than linear
detectors like zero-forcing (ZF), minimum mean squared error
(MMSE), and low-complexity approximations having polynomial
run-time complexity. Theoretical analysis shows that the RKVS
detector’s test statistic is an unbiased estimator of the ZF detec-
tor’s test statistic. Numerical results further prove that the error
performance of the RKVS detector lies in close approximation
to the ZF detector and is superior to detectors employing state-
of-the-art sampling-based regression approximation.

Index Terms—Massive MIMO, multi-user detector (MUD),
Sampling, Kronecker Regression.

I. INTRODUCTION

The advent of 5G communication networks [1] caters to
bandwidth-hungry user applications like 4K video streaming,
extended reality, cloud computing, etc. Extensive deployment
of Internet of Things devices alongside broadband and mobile
users in 5G communication networks has led to a huge number
of connected devices [1], with the current monthly global
mobile network data traffic topping 145 exabytes [2].

The massive multiple-input multiple-output (MIMO) tech-
nology is a key enabler in 5G communication networks,
providing an ever-increasing number of users with reliable
connectivity at high data rates [3]. Massive MIMO systems
allow users to utilize time-frequency resources, ensuring effi-
cient resource utilization simultaneously. Similarly, extremely
large (XL) MIMO systems employ thousands of base station
(BS) antennas to provide massive, reliable access with high
spectral and energy efficiency in beyond 5G networks [4].
However, efficiency in resource utilization in massive/ XL-
MIMO systems comes at the cost of high signal processing
complexity [4], [5].

Consider the signal detection problem in an uplink mas-
sive MIMO scenario with M antennas at the BS serving U
single antenna users. Linear detectors like zero forcing (ZF)
and minimum mean-squared error (MMSE) with asymptotic
run-time complexity of O(MU2) are preferred over optimal
maximum likelihood (ML) detector with an exponential run-
time complexity, and other non-linear detectors [6]. The large

number of BS antennas in massive MIMO systems makes
even the linear detectors to be computationally intensive. Low-
complexity linear detectors for massive MIMO communication
networks have been developed recently [5], [7]. The existing
low-complexity alternatives to ZF and MMSE detectors reduce
complexity by approximating the matrix inversion with series-
based approximations, like Neuman series-based matrix inver-
sion approximation (NS-MIA) [8], Truncated polynomial ex-
pansion (TPE) [9], etc., or iterative method based approxima-
tions like Gauss-Seidel (GS) [10], successive over-relaxation
(SOR) [11], Richardson iteration [12], and quasi-Newton [13],
etc. The NS-MIA [14], GS, SOR [15], and quasi-Newton
[16] based detectors have been also proposed for XL-MIMO
systems. The series and iterative method-based approximate
detectors [8]–[16] efficiently implement the ZF and MMSE
detectors but have the same asymptotic run-time complexity
[17]. The multi-user data detection in uplink massive MIMO
networks can be formulated as a high-dimensional regression
problem where users data/ design parameter, x ∈ CU×1, is to
be recovered from received signal/ observation, y ∈ CM×1,
using uplink channel/ regression matrix Z ∈ CM×U , M ≫ U .

The sampling and sketching-based [18] techniques offer
a faster and approximate solution to the high dimensional
regression problem via dimensionality reduction. The input
matrix Z and observation vector y are sub-sampled by choos-
ing K rows, K ≪M in sampling-based techniques, whereas
Z, y are projected onto a random matrix of size K × M
in sketching-based techniques. Sampling-based approach is
preferred over sketching [19], as they are faster, preserve the
sparsity of input matrices, and do not require the knowledge of
the complete observation to reduce the run-time complexity.

In the context of approximate signal detection in uplink
massive MIMO systems, sampling techniques perform equal-
ization using selected entries of the channel matrix and
received signal. This has potential to help to recover the
transmitted information at a faster run-time than ZF, MMSE,
and approximate linear detectors [8]–[16], with nominal ap-
proximation loss. Hence, this work focuses on using the
advantages of the sampling-based approach for data detection
in uplink massive MIMO networks. The key contributions are

• A novel sampling-based fast detection framework using
rescaled Kronecker volume sampling (RKVS).

• RKVS detector for uplink massive MIMO networks with
faster asymptotic run-time complexity than ZF detector.



• Theoretical and numerical performance analysis of the
proposed RKVS detector.

Next section introduces the notation, system model, and
rescaled volume sampling.

II. SYSTEM DESCRIPTION

The notations used in this work are described next, followed
by system model and a summary of rescaled volume sampling.

A. Notation and Background

The notations used throughout this paper are as follows:
Complex and real fields are denoted by C and R, respectively.
The expectation and probability operations are denoted as E[.]
and Pr[.]. Tensors, matrices, vectors, and scalars are denoted
by calligraphic, boldface uppercase, boldface lowercase, and
regular face alphabets respectively. For a matrix A, the row
i, column j and ijth entry is denoted using A(i,:), A(:,j) and
Aij respectively. The operators conjugate transpose, pseudo-
inverse, and determinant on a matrix A is denoted using
AH, A† and |A|, respectively. The column-wise vectorization
operation on matrix A ∈ CI×J is denoted by vec(A) ∈
CIJ×1. A set of indices {1, 2, . . .K} is denoted as ⟨K⟩. The
symbols ‘⊗’, ‘⊙’ and ‘:=’ denote Kronecker product, Khatri-
Rao product [20] and ‘defined as’ respectively. A Bernoulli
trial with success probability p is denoted using Bernoulli(p).
The Definitions II.1 and II.2 stated next from linear algebra
are used in the analysis.

Definition II.1 (Leverage score sampling (LSS) [21]). Let
U ∈ RN×D denote a matrix with top D left singular vectors
of Z ∈ RN×D as columns, such that li := ∥U(i,:)∥22 denotes
the ith leverage score of Z. Then, leverage score sampling
selects a subset of rows from Z, via the probability distribution
(q1, q2, . . . qI), where qi ≥ li/D, for i ∈ {1, 2, . . . I} denotes
the probability of sampling ith row from Z.

Definition II.2 (Volume Sampling (VS) [22]). For a matrix
Z ∈ CN×D, the volume sampling selects a small subset of
rows from Z with probability proportional to volume of the
submatrix (volume of a matrix Z refers to |ZHZ|). The size
K volume sampling on Z is denoted as VolumeSample(Z,K)
and gives sampled row indices as output.

B. System Model

Consider an uplink multi-user massive MIMO communica-
tion network where U single antenna users are simultaneously
transmitting to a BS with M antennas where M ≫ U . Each
element of the information symbol vector S(:,u) ∈ CL×1

of user u, 1 ≤ u ≤ U is encoded using a coding vector
E(:,u) ∈ CP×1. The uplink channel H ∈ CM×U between
U users and the BS is assumed to be flat fading, Rayleigh.
The component of received signal Y ∈ CM×P×L at the
BS corresponding to information symbol l, 1 ≤ l ≤ L and
encoding symbol p, 1 ≤ p ≤ P is given as

Y(:,l,p) =
U∑

u=1

H(:,u)EpuSul = HDl(S)E
H
(:,p), (1)

where H(:,u) ∈ CM×1 denotes uplink channel between user u
and the BS, Dl(S) ∈ CU×U denotes a diagonal matrix with
elements of vector S(l,:) as principal diagonal. The component
Yl = [Y(:,l,1) Y(:,l,2) . . . Y(:,l,P )] ∈ CM×P of received signal
corresponding to users encoded symbol l from (1) is

Yl = HDl(S)E
H. (2)

Use the relation vec(AMBH) = (B ⊙A)m [20], where M
is a diagonal matrix with diagonal entries m to vectorize
Yl in (2) as yl = vec(Yl). Let [Y]L ∈ CL×MP denote
matricization of received signal tensor Y ∈ CM×P×L along
mode L, obtained by stacking the fibers along the mode L as
columns. Then [Y]HL = [y1 y2 . . . yL] ∈ CMP×L is given as

[Y]HL = (E⊙H)SH. (3)

Let I ∈ RL×L denote identity matrix. Use the relation
vec(ADBH) = (B⊗A)vec(D) [20] to vectorize [Y]HL as

y = I⊗ (E⊙H)s, (4)

where y = vec([Y]HL) ∈ CMPL×1 and s = vec(SH) ∈ CLU×1.
The ZF detector statistic [7] sZF for channel matrix H, coding
matrix E and received signal y is given as

sZF = argmins∈CLU×1 ∥y − I⊗ (E⊙H)s∥2. (5)

The solution to (5) is well known to be sZF = (I ⊗ (E ⊙
H))†y with a run-time complexity of O(MPL3U2), i.e., SVD
complexity of I⊗ (E⊙H) ∈ CMPL×LU . This is significantly
high for large values of M and P . The next subsection briefly
reviews a sampling-based approximation method with faster
asymptotic run-time for high dimensional regression problems.

C. Approximate Regression via Rescaled Volume Sampling
The rescaled volume sampling [23] approximates the re-

gression problem argminx∥Zx − y∥2 where Z ∈ CN×D,
y ∈ CN×1 and N ≫ D in two steps. Sample and rescale
a subset of rows from Z, y to construct ZK , yK followed
by solving argminx∥ZKx − yK∥2. Let r = {r1, r2, . . . rN}
denote a discrete probability distribution over the index set
⟨N⟩. The sampling and rescaling of rows from Z and y is
performed using matrix T

1/2
η ∈ RN×N . It is constructed using

an index set η = {η1, η2, . . . ηK} of size K, sampled with
replacement from ⟨N⟩ as follows.

T1/2
η =

K∑
k=1

eηk
eH
ηk√

rηk

, w.p.
|ZHTηZ|

∏K
k=1 rηk

A
(6)

where ei ∈ RN×1 denotes ith standard ordered basis vector of
RN×1 and ‘w.p.’ stands for ‘with probability’. The sampling
matrix is obtained using the Determinantal rejection sampling
algorithm [23]. Let ⟨N⟩K denote all the possible size K index
set sampled with replacement from ⟨N⟩. The normalization
constant A for the rescaled volume sampling distribution is
obtained by summing the sampling probabilities of all the
possible size K index sets η as follows [23, Proposition 2]

A =
∑

η∈⟨N⟩K
|ZHTηZ|

K∏
k=1

rηk
= (D)!

(
K

D

)
|ZHZ|. (7)



Further, the subsampled design matrix/ observation vector
ZK := T

1/2
η Z, yK := T

1/2
η y are used to formulate

the rescaled volume sampling-based approximate problem
as xRVS = argminx∈CD×1∥ZKx − yK∥2. The solution
xRVS = Z†

KyK is obtained at an overall (including sampling
overhead) run-time complexity of O(ND2 + (4D2 +K)D2)
[23, Theorem 6]. Further, the obtained weight vector xRVS is
an unbiased estimator of optimal weight vector x∗, i.e., the
solution to argminx∥Zx− y∥2 [23, Theorem 3].

III. RESCALED KRONECKER VOLUME SAMPLING (RKVS)
DETECTOR

This section presents a faster multi-user data detector for
uplink massive MIMO networks based on a scalable extension
of rescaled volume sampling. Proposed RKVS detector is
discussed next, followed by its quality of approximation/
computational complexity in sections III-B/ III-C.

A. Approximate multi-user data detector

The detection problem in (5) is modified to exploit the
Kronecker product structure. Let C ∈ RU2×U be a column
selection matrix such that E ⊙H = (E ⊗H)C. The matrix
I⊗ (E⊙H) in (5) is rearranged to

I⊗ (E⊙H)=I⊗ ((E⊗H)C)=(I⊗E⊗H)(I⊗C), (8)

using properties (A ⊗ C)(B ⊗D) = AB ⊗ CD and (A ⊗
C)(B ⊙ D) = AB ⊙ CD from [20]. Let x := (I ⊗ C)s.
Equivalent detection problem using (8) and x is

xZF = arg min
x∈CLU2

∥y − Zx∥2, (9)

where Z = I⊗E⊗H, Z ∈ CN×D, N = MPL and D = LU2.
The obtained solution xZF is used to get the detector sZF as
sZF = (I ⊗ C)−1xZF = (I ⊗ C)HxZF. The rescaled volume
sampling approach discussed in section II-C is employed to
compute an approximate solution to the problem in (9). A key
idea to propose a scalable approach that obtain an equivalent
sampling distribution for Z using factor matrices I, E and H.
This is achieved by exploiting the Kronceker product structure
of Z. The selection probability r for the row indices of Z
without explicitly constructing Z is obtained in proposition 1.

Proposition 1. Let a discrete probability distribution over
the row indices of I, E and H be denoted by r(I) :=

{r(I)1 , r
(I)
2 , . . . , r

(I)
L }, r(E) := {r(E)

1 , r
(E)
2 , . . . , r

(E)
P } and

r(H) := {r(H)
1 , r

(H)
2 , . . . , r

(H)
M } respectively where r

(I)
j indi-

cates the probability of sampling row j from matrix I. Then,
r(Z) := r(I) ⊗ r(E) ⊗ r(H) is a discrete distribution over the
row indices of Z = I⊗E⊗H.

Proposition 1 gives a size K sampled index set η for rows
of Z, according to distribution in (6). Sample the row index
sets η(I) = {η(I)k }, η(E) = {η(E)

k } and η(H) = {η(H)
k },

1 ≤ k ≤ K with replacement from the row indices of I, E
and H respectively. The sampling is done with replacement,
according to corresponding distributions r(I), r(E) and r(H).

Further, the sampled index set for the rows of matrix Z, i.e.,
η(Z) = {η(Z)

k } is constructed using η(I), η(E) and η(H) as

η
(Z)
k = η

(H)
k + (η

(E)
k )M + (η

(I)
k )MP. (10)

The marginal probability of η
(Z)
k ∈ η(Z) is given as product

of marginals Pr[η
(I)
k ∈ η(I)], Pr[η(E)

k ∈ η(E)] and Pr[η
(H)
k ∈

η(H)]. The sets r(Z) and η(Z) are denoted by r and η in rest of
the paper for brevity. Thus, the sampling matrix T

1/2
η for the

rows of Z is expressed in terms of sampling matrices T
1/2

η(I) ,

T
1/2

η(E) and T
1/2

η(H) of I, E and H respectively using (10) as

T1/2
η =

(
(T

1/2

η(I))
H ⊙ (T

1/2

η(E))
H ⊙ (T

1/2

η(H))
H
)H

. (11)

Next, the obtained sampled index set η is accepted with
probability proportional to |ZHTηZ|

A . The RKVS based multi-
user data detector for (9) is summarized in Algorithm 1. The
sampling distributions r(I), r(E) and r(H) on the row indices of
I, E and H is chosen as follows: r(I) = 1

L{1, 1, . . . 1}, r
(E) =

1
P {l

(E)
1 , l

(E)
2 , . . . l

(E)
P }, and r(H) = 1

M {l
(H)
1 , l

(H)
2 , . . . l

(H)
M }.

Here {l(A)
j } denote the leverage score (refer definition II.1)

corresponding to the row j of a given matrix A. The choice
is motivated by a design criteria E[ZH

KZK ] = ZHZ [23].

B. Scalability and Quality of Approximation
Lemma III.1 claims that Algorithm 1 samples the rows from

Z according to (6), without complete knowledge of Z.

Lemma III.1. Let Z ∈ CN×D be a Kronecker design matrix
where Z = I⊗E⊗H. Then, the size K index set η obtained
by sampling with replacement from row indices of Z using
Algorithm 1 has the same joint sampling distribution as the
one obtained from size K rescaled volume sampling using [23,
Determinantal Rejection sampling].

Proof. The proof follows by a key observation that Algorithm
1 and the Determinantal Rejection sampling [23] follow a
similar approach to obtain a size K sampled index set from
the row indices of Z. Firstly, a size B = max{4D2,K}
sampled index set is obtained using rescaled volume sampling
[23, eq. (5)], resulting into corresponding subsampled design
matrix ZB . This is followed by size K volume sampling on
ZB (refer definition II.2) to yield size K sampled index set
η. The results from [23, Lemma 7] show that the two step
sampling procedure is equivalent to a direct size K rescaled
volume sampling on Z. Hence it suffices to prove that the
acceptance probability of sampled index set at the end of
first stage, line 8 in Algorithm 1, is the same for both the
algorithms. The row i of ZB in Algorithm 1 (line 7) is given
as (ZB)(i,:) = (IB)(i,:)⊗(EB)(i,:)⊗(HB)(i,:) for i = 1 . . . B,
where IB = T

1/2

η(I)I, EB = T
1/2

η(E)E and HB = T
1/2

η(H)H.
Further, ZB is written in terms of I, E and H as

ZB =
(
(T

1/2

η(I)I)
H ⊙ (T

1/2

η(E)E)H ⊙ (T
1/2

η(H)H)H
)H

(12)

=
(
(I⊗E⊗H)

H
(
(T

1/2

η(I))
H ⊙ (T

1/2

η(E))
H ⊙ (T

1/2

η(H))
H
))H

= T1/2
η Z. (13)



Here (12), (13) follows from properties of Khatri-Rao product
[20] and definition of Z in (9) and T

1/2
η in (11). The

denominator term Q in line 7 of Algorithm 1 is resolved as

Q = |EHE|LU |HHH|LU = |(I⊗E⊗H)H(I⊗E⊗H)|,

by using the relation |A⊗B| = |A|J |B|I for A ∈ CI×I and
B ∈ CJ×J [20]. Finally, the fact that acceptance probability at
the end of first stage sampling in [23, Determinantal Rejection
sampling] is given by |(1/B)ZHTηZ|

|ZHZ| completes the proof.

The next theorem shows that the proposed RKVS detector
sRKVS is an unbiased estimator of the ZF detector statistic sZF.

Theorem III.2 (Unbiasedness). The proposed RKVS detector
sRKVS in Algorithm 1 is an unbiased estimator of the ZF
detector statistic sZF, i.e., E[sRKVS] = sZF, for a given chan-
nel matrix H, code matrix E in the uplink massive MIMO
communication networks (4).

Proof. From Lemma III.1, the proposed detector sRKVS is
equivalent to the one obtained using rescaled volume sampling
(section II-C). Rest of the proof follows [23, Theorem 3].

Algorithm 1: RKVS based multi-user data detector

Data: Channel matrix H ∈ CM×U , Code matrix
E ∈ CP×U , received signal y, sample size K

Result: Multi-user detector sRKVS
1 B ← max{4L2U4,K};
2 Q← |EHE|LU |HHH|LU ;
3 Compute Leverage scores of H and E and assign to

r(H) and r(E) ; // see Defn. II.1

4 r = r(I) ⊗ r(E) ⊗ r(H), for r(I) = 1
L{1, 1, . . . 1} ;

5 repeat
6 Sample size B index sets η(E), η(H) and η(I) i.i.d

with replacement from ⟨P ⟩, ⟨M⟩ and ⟨L⟩ using
distributions r(E), r(H) and r(I) respectively;

7 Construct EB := T
1/2

η(E)E, HB := T
1/2

η(H)H,

IB := T
1/2

η(I)I and ZB using
(ZB)(i,:) = (IB)(i,:) ⊗ (EB)(i,:) ⊗ (HB)(i,:) for
i = 1 . . . B and sample
Accept ∼ Bernoulli

(
|(1/B)ZH

BZB |
Q

)
8 until Accept = True;
9 if B > K then

10 η ← VolumeSample(ZB ,K) ; // see Defn. II.2

11 Construct T1/2
η from η and r using (6);

12 Obtain ZK by sampling the rows corresponding to
η from ZB , yK ← T

1/2
η y;

13 else
14 Construct T1/2

η (11) from T
1/2

η(E) , T
1/2

η(H) and T
1/2

η(I) ;

15 ZK ← ZB , yK ← T
1/2
η y;

16 end
17 xRKVS ← (ZK)†yK , sRKVS ← (I⊗CH)xRKVS;
18 return sRKVS

C. Computational Complexity Analysis

The Algorithm 1 consists of components with deterministic
run-time, like the pre-processing in lines 1-4, volume sampling
in line 10-12, regression in line 17, and probabilistic run-
time in lines 5-8. The next theorem gives the asymptotic
time complexity of Algorithm 1 by bounding the number of
iterations of lines 5-8 known as the rejection sampling loop.

Theorem III.3. The asymptotic run-time complexity of the
RKVS detector in Algorithm 1 operating at sample size K for
a given channel matrix H ∈ CM×U and code matrix E ∈
CP×U in an uplink massive MIMO communication network
(4) is O((4L2U4 + 2K)L2U4 + (M + P )U2) log(1/δ)) with
probability at least 1− δ.

Proof. Let w denote the number of iterations of the rejection
sampling loop. To bound the value of w, the expected value
of acceptance probability is resolved as∑
η∈⟨N⟩B

B∏
b=1

rηb

|(1/B)ZHTηZ|
|ZHZ|

(a)
=

B(B − 1) . . . (B −D + 1)

BD

≥ (B −D2)/B, (14)

where (a) results from substituting the normalization con-
stant (7). Equation (14) is lower bounded by 3

4 as B =
max{4D2,K}. Further application of Markov inequality leads
to w ≤ log( 1δ )/ log(

4
3 ) with probability at least 1 − δ [23].

The operations inside the rejection sampling loop and the
corresponding run-time complexities are given as follows

1) Construction of ZB involves obtaining the value of
B rows, with D elements per row. Hence it has the
complexity O(BD).

2) Calculating the acceptance probability involves comput-
ing |ZH

BZB | which has complexity O(BD2).
Further, the step 10 of Algorithm 1 performs standard K sized
volume sampling on ZB ∈ CB×D and has a complexity of
O(BD2) [22]. Hence the overall complexity of the rejection
sampling loop and standard volume sampling part (lines 5-
16) of the Algorithm 1 is O(BD2 log(1/δ)) which is further
resolved using B ≤ (4D2+K) as O((4D2+K)D2 log(1/δ)).
Computing Q, and distributions r(H), r(E) for given matrices
H and E respectively is of complexity O((M +P )U2). Sub-
stituting D = LU2 gives the overall complexity of Algorithm
1 as O((M + P )U2 + (4L2U4 + K)L2U4 + KL2U4) or
equivalently O((4L2U4+2K)L2U4+(M+P )U2) with high
probability. The proposed RKVS detector has lower asymp-
totic run-time complexity than ZF detector in uplink massive
MIMO systems for large M , number of BS antenna.

The complexities of the RKVS and baseline detectors is
summarized in Table I and is further discussed in next section.

IV. PERFORMANCE ANALYSIS AND DISCUSSION

This section presents baseline detectors, compares the run-
time complexity, error performance of the RKVS detector with
the ZF detector and its sampling-based approximations.



TABLE I: Asymptotic run-time of multi-user data detectors.

Detector Time Complexity
xZF (9) O(MPL3U2)
xLSS (15) O

(
(M + P )U2 + L3U6 +KL2U4 + poly(MPL)

)
xVS (16) O(MPL3U4 +KL2U4)
xRKVS O((4L2U4 + 2K)L2U4 + (M + P )U2)

A. Baseline detectors and comparison with the RKVS detector

1) ZF detector [5]: Recall that the ZF multi-user data
detector for equivalent problem in (9) is obtained to be
sZF = (I⊗C)HxZF where xZF is given as

xZF = argminx∈CLU2∥y − (I⊗E⊗H)x∥2.

2) Leverage Score Sampling (LSS) detector: The work in
[24] gives an efficient way to construct the sampling matrix
on Z = I⊗E⊗H by using the leverage scores of I, E and H.
Let TLSS denote the sampling matrix constructed on Z [24,
Lemma 4.1]. Then, LSS detector for (9) is given as

xLSS = argminx∈CLU2∥TLSSy −TLSSZx∥2. (15)

3) Volume Sampling (VS) detector: The volume sampling
method in [22] is employed to approximately solve the multi-
user uplink data detection problem in (9) as follows. Let
TVS denote the sampling matrix constructed on Z using the
algorithm [22, FastRegVol]. Then, VS detector for (9) is

xVS = argminx∈CLU2 ∥TVSy −TVSZx∥2. (16)

The detector sT ∈ {sLSS, sVS} is further obtained using
xT ∈ {xLSS,xVS} as sT = (I⊗C)HxT.
Asymptotic Run-Time Complexity Comparison: Table I
compares the asymptotic run-time of the proposed RKVS
detector with the detectors employing state-of-the-art leverage
score [24] and volume sampling [22] based approximate
regression. The RKVS detector in Algorithm 1 has a faster
asymptotic run-time than the ZF and VS detector in multi-user
uplink massive MIMO networks when (4L2U4 + 2K)U2 =
o(MPL), where o(.) stands for the small-oh notation [25],
defined as f(n) = o(g(n)) =⇒ f(n)/g(n) = 0 as n → ∞.
Further, the added advantage of unbiasedness for RKVS detec-
tor compensates for the higher run-time complexity compared
to the biased LSS detector [23].

B. Numerical Results for Error Performance

An uplink massive MIMO communication system with
U ∈ {6, 12} users simultaneously transmitting their data to
an M ∈ {128, 256, 1024} antenna BS is considered. Data of
a user u has a symbol length L = 8, modulated using MPSK,
BPSK in Fig. 1, 2a and 2c, and encoded using a coding vector
E(:,u) ∈ CP×1 of length P = 60. The matrix E with coding
vectors for users is generated as Eij = e−j2πα/

√
P , where

α is drawn from uniform distribution over interval [0, 1]. The
uplink channel between users and the BS is assumed to be
block fading, Rayleigh with log-normal shadowing of 10dB.
The average bit error rate (BER) v/s SNR relation is used to
compare the proposed and baseline detectors.

-30 -20 -10 0 10 20
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Fig. 1: BER v/s SNR performance comparison of proposed RKVS and baseline
LSS, VS detectors for sample size K = 1500, BPSK modulation, M = 128
BS antennas, and users U ∈ {6, 12} in an uplink massive MIMO network.

Fig. 1 compares the BER of proposed RKVS and baseline
sampling based detectors with 128 BS antennas, at a sample
size K = 1500, and serving U = {6, 12} users. For a higher
number of users RKVS detector performs better than the LSS
detector and similar to the VS detector, which has a higher run-
time complexity. This demonstrates the robust performance of
the RKVS detector when the number of users in a network
increases. Further, the BER rate of all the sampling based
detectors increases with the number of users due to limited
diversity gain per user in dense networks.

Fig. 2a compares the BER of RKVS and baseline sam-
pling based detectors with 128 BS antennas, at sample sizes
K ∈ {1500, 3000}, and serving 12 users. The RKVS detector
has a BER better than the LSS and similar to the VS detector
at K = 1500 highlighting the superior performance of RKVS
detector compared to baseline sampling based detectors at
low sample sizes. The BER of all sampling based detectors
improves with an increase in the value of K from 1500
to 3000. The sample size K demonstrates the run-time v/s
accuracy trade-off in RKVS detector (see Table I), a small K
allows fast detection relevant in low-latency applications like
autonomous driving, augmented reality, etc., a large value of K
results in higher reliability useful for applications like critical
and emergency services communications. Fig. 2b compares the
performance of RKVS, at a sample size K = 0.7× (MPL),
and the ZF detector across the BPSK, 8PSK, and 32PSK
modulation schemes in an uplink massive MIMO network
with 12 users and 128 BS antennas. The BER of the RKVS
detector follows a similar trend as the ZF detector with an
increase in the modulation order from 2 (BPSK) to 32 (32PSK)
demonstrating a comparable performance of RKVS and ZF
detectors at different modulation schemes. Fig. 2c shows
the effect of increasing the number of BS antennas M to
extremely large values on the BER of the RKVS and the ZF
detector. The BER of the RKVS detector is observed to be
close to the ZF detector as M increases from 256 to 1024.
This demonstrates the utility of the proposed RKVS detector
in XL-MIMO systems with thousands of BS antennas. The
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Fig. 2: BER v/s SNR performance comparison of the proposed RKVS detector in Algorithm 1 with baseline detectors, ZF (9), LSS (15), and VS (16) with
U users, M BS antennas, sample size K in an uplink massive MIMO communication network, (2a) U = 12, M = 128, K ∈ {1500, 3000} for BPSK
modulation; (2b) U = 12, M = 128, K = 0.7× (MPL) for BPSK, 8PSK, 32PSK modulation; (2c) U = 12, M ∈ {256, 1024}, K = 0.7× (MPL) for
BPSK modulation.

considered channel model for simulation corresponds to a non-
LoS propagation environment [16]. The improved performance
of both RKVS and ZF detectors with an increase in the number
of BS antennas is attributed to a higher diversity order.

V. CONCLUSION

This work proposed a novel RKVS detector for multi-user
uplink massive MIMO communication networks. Theoretical
analysis proves that RKVS detector has a faster asymptotic
run-time than the ZF detector. Moreover, the RKVS detector
is an unbiased estimator of the optimal ZF detector statistic.
Numerical results demonstrate BER performance of RKVS
detector in close agreement to the ZF detector, with a per-
formance trade-off and time complexity gain. The superior
performance of the RKVS detector among the state-of-the-
art sampling-based detectors at lower sample sizes is also
observed. The same framework can be extended considering
imperfect CSI to obtain a closed-form expression of BER,
which can be further tailored to XL-MIMO systems.
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