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Gross-Pitaevskii (GP) equation

Gross-Pitaevskii equation (GPE)

e Equation of motion of the condensate wavefunction is given
by Gross-Pitaevskii equation(GPE), strictly valid at T = 0K,

00 _[_h

2
at 2 V2 + ‘/trap( )+gN|¢|2 ¢>

1 = (r, t) : condensate wave function
B 4rh?a

m
e a: atomic scattering length > 0 : repulsive
e N: Number of atoms in the condensate

m
Virap = > (w x? + w? VY +w222>

E. P. Gross, Il Nuovo Cimento Series 10 20, (1961),
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C. Pethick & H. Smith, Bose-Einstein Condensation in Dilute Gases, (2008)
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Finite Temperature models
Stationary Case:

e Hartree-Fock-Bogoliubov-Popov approximation
e Modified Popov approximation

Dynamical Case:
e Stochastic Gross-Pitaevskii equation (SGPE)
e Projected Gross-Pitaevskii equation
e Self-consistent Gross-Pitaevskii-Boltzmann (ZNG formalism)

e Dissipative Gross-Pitaevskii equation

AR, S. Gautam, and D. Angom, Phys. Rev. A 89, 013617 (2014),

AR and D. Angom Phys. Rev. A 90, 023612 (2014),

S. Gautam, AR, and Subroto Mukerjee, Phys. Rev. A 89, 013612 (2014),
Blakie et. al, Adv. Phys. 57, 363 (2008),

A. J. Allen, Ph.D. Thesis (2010),

N. P. Proukakis and B. Jackson, J. Phys. B 41, 203002 (2008).
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Many-body Hamiltonian
A= [ ardi(0) [b0)— ] dtr. )

single-particle part

1 !t T AW "
+2 // drdr’ P (r, )T (r, ) U(r — ¥ )(r, t)(r, t)

two-particle interaction term

where h = K.E + Vigap

Ute =) = gole = ). [ ar (e b)) =

U:: Repulsive contact interaction; N:: Total number of atoms

(90,50 = [3(0), 3] = 0: [dr). ()] = a(r = ¥)

A.Griffin, Phys. Rev. B 53, 9341 (1996)
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Hartree-Fock-Bogoliubov(HFB) approximation

The Bose field operator is

b t) =D ai()i(r) = do(t)to(r) + D ai()esi(r),
i=1

i=0 —
é\‘-,I'-‘nonlv"' 7”/7"'>: \/(ni—i_l)‘nonl;"' 7ni+17"'>7
Qilnony, -+ nj, -+ ) = +/njlnony, -+, nj —1,---).

BEC occurs when: ng = Ng > 1 — Ng, Ng =1 =~ Ny
where Ny — Number of condensate atoms

HFB approximation: &g = &8 = +/ Np, then
Qz(l‘, t) =V NOQpO(r)eii'ut/h + 12}'(“ t)7

such that, (¢(r, t)) = (P(r, 1)) = 0.

Dalfovo et al, Rev. Mod. Phys. 71, 463 (1999)
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Generalized GP equation

Equation of motion of the Bose field operator

9U(r. 1)

o = (A= (e ) + g (., 2)(r, £)0(r, 1)

ik
where, (r, t) = ¢(r) +(r. t), and ¢(r) = \/Novo(r). ¢/ is the

condensate/non-condensate part.

D, ) (e, ) (r, £) 2 2 (D)D) (v, 1) + ((r)d(r)) D (r, )
— —_—

m

fi — Non-condensate density; m — Anomalous average
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Generalized GPE

Including the thermal component and anomalous term, the
generalized GP equation is

(h— 1)o(r) + glo(r)Po(r) + 2g7i(r)o(r) + gri(r)d"(r) = 0

T —dependent

o h=K.E.+ Virap
o [ 1P de =1

A.Griffin, Phys. Rev. B 53, 9341 (1996);
Hutchinson et. al Phys. Rev. Lett. 78, 1842 (1997)
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Bogoliubov de-Gennes equations

Equation of motion of the thermal component

B
’ha = 'h§(¢—¢),

= (h— )i + 2gn(r)d + gm(r)dt,

where, n(r) = |(r)[> + i(r); m(r) = $*(r) + m(r);

T A —iEit s At iEt].
Y= E [uJaJe 7 —via e }
J

uj, v; = quasiparticle amplitudes
Bogoliubov de-Gennes equations:

Lu;j — gmv; = Eju;

* f— . .
Lvi — gm'u;=—Ejy

where £ = h — pi+ 2gn(r)



Gross-Pitaevskii (GP) equation  Generalized GP equation Binary BEC  Phase-separation  Correlation function ~ Conclusions
: :

Non-condensate density
Density of the thermal component:

BB == {[lul+ 1y @fa) + v}

J
and multiplying factor
AaN = — = No(E;
<ajaJ> T PE 17 NO(EJ)'

is the Bose-Einstein distribution.

At T =0, fi= Z |vi|*> = Quantum depletion
J

The anomalous average:

WD) = = =3 uy [206]6) +1]

J

AR and D. Angom, Phys. Rev. A 90, 023612 (2014)
A.Griffin, Phys. Rev. B 53, 9341 (1996)
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Problems in HFB

e HFB theory is not gapless. Violates Hugenholtz-Pines
theorem.

Gapless finite temperature approximation

4

Neglect m.

4
HFB-Popov approximation

Valid in 0 < T < 0.65T,

N. P. Proukakis and B. Jackson, J. Phys. B 41, 203002 (2008)
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Two-component fluid
motivations

e Transition from miscible to immiscible phase.
Example — Temperature driven phase-separation in
cyclohexane-aniline mixture.

e Dynamical instabilities related to two-component fluid,
namely Rayleigh-Taylor instability.

o Are there any similarities and differences in binary mixtures of
quantum fluids ?

H. Stanley, Introduction to Phase Transitions and Critical Phenomena, (1971)
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Unique feature of binary BEC

Role of interactions
Phase Separation

2 2
U11Uxp — (Ur2)= >0 U11Uxy — (U12)” <0
Miscible regime Immiscible regime

4 4
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Papp et. al, Phys. Rev. Lett. 101, 040402 (2008);
Inouye et. al, Nature 392 151, (1998);
Chin et. al, Rev. Mod. Phys. 82, 1225 (2010).
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Unique feature of binary BEC

Dynamical Evolution
Instabilities

Rayleigh-Taylor Instability
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AR, S. Gautam, D. Angom, arXiv:1210.0381, (2012),
Takeuchi et. al, Phys. Rev. B. 81, 094517 (2010),

Sasaki et al. , Phys. Rev. A 80, 063611 (2009),

S. Gautam and D. Angom Phys. Rev. A 81, 053616 (2010).
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Experimental realization of binary BEC

2 different atoms

87 Rb_41 K

Thalhammer et. al, PRL, 100, (2008) . .

84, 87Rp, 2 different isotopes
r—

Pasquiou et. al, PRA, 88, (2013) ° 85 Rb_87 Rb

23Na_87 Rb Papp et. al, PRL, 101, (2008)

Xiong et. al, arXiv:1305.7091, (2013)

133 Cs_87 Rb

McCarron et. al, PRA(R), 84, (2011)

2 different hyperfine
states

® IF=1,mp = +1),
|F =2, me = —1) Of
87Rb
|[F=2,m=
2),|F=2,m=-1)

Tojo et. al, PRA, 82, (2010)
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Coupled Generalized GP equation

From HFB-Popov approximation

Vv, ®1 I

(w) = () (2):
higr + Ui [me + 2] é1 + Uianace + fiz]ér = 0,
hagy +  Una [mac + 2fi2] 2 + Una[nic + fiz]én = 0.

e e = |¢|?: Condensate density of k™ species

e fix : Non-condensate density of k' species

. h2 2
where, h, = — > v

\/ _
e + Vi(r) — pk



Binary BEC

BdG Equations

Liugj — Upn¢?vij + Upadi(@suaj — davo;
—Livij + Un1¢32u1j — Unagi(davaj — ¢
Lotnj — Unpddvaj + Uraga(diurj — dprva;

)
)
)
)

—Lovaj + Unpp32unj — Unags(prvaj — diurj) =
where, £1 = (hy + 2Ui1ny + Uiamy),
LAQ = (/A'lz +2Uxno + U12n1),
ni = nNic+ Ay, N = npc + .

Non-Condensate density:

Z{ [lugl? + [vig|*] No(E;) + lvigl* }

AR, S. Gautam, D. Angom, Phys. Rev. A. 89, 013617 (2014)

hEjuyj,
hEjvyj,
hEjusj,
hEjvy;,



Phase-separation

Phase-separation in binary BEC
T=0

Density profiles
from miscible to immiscible(phase-separated)
133Cs —8" Rb mixture in quasi-1D trap
Wz(Rb) = 27 X 3.89Hz, w,(cs) = 27 x 4.55Hz,
Wli(Cs) = 8‘8350‘}2(05); WI(Rb) = 8.277w2(Rb)
Wi > wz, hwy > p
dCsCs — 28030, dRbRb — 10020

Measure of phase separation
[ m(z)na(2)dz]”
U n%(z)dz] [f n%(z)dz]'

A =1 — Miscible and signifies complete overlap of the two species,
N\ = 0 — the binary condensate is completely phase-separated.

A=
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Phase-separation in binary BEC

T=0
through ai,
A=1 A =0.95 A =0.08
900 Oag 50a0 300aq)
= 450
0

-10 0 10 -10 0 10 -10 0 10

Measure of phase separation

B U n1(z)n2(z)dz]2
[[ n3(z)dz] [ [ n3(z)dz]
A =1 — Miscible and signifies complete overlap of the two species,
N\ = 0 — the binary condensate is completely phase-separated.
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Suppression of phase-separation
7__ 7é O, 312_: 30030_

25
900 a
£ 450
0
900 d
450
0

-15 0 15 -15 0 15 -15 0 15

(a)-(c)The solid blue (green) lines represent ncs(ngry). The dashed
red(brown) lines represent fics(figp) at T = 0, 10, 25nK respectively.

A increases.
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Suppression of phase-separation
7__ 7é O, 312_: 30030_

25
900 a
£ 450
0
900 d
450
0

-15 0 15 -15 0 15 -15 0 15

(d)-(f) The solid dark cyan (maroon) lines represent n.cs(ncrp)-
The dashed crimson(black) lines nccs(nerp) at T = 0 with the
same number of condensate atoms at T = 0,10, 25nK respectively.
Effect of i on miscibility-immiscibility transition
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Suppression of phase-separation
origin

0.08

-0.08

-10 0 10 -10 0 10

z
The fourth excited mode has maximum contribution to the thermal
cloud.
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Suppression of phase-separation
T 7é O, a1l = 11530

T=0 T =10 T =25

1500 a

=750

1500 d

750

0

-10 0 10 -10 0 10 -10 0 10

(a)-(c) The solid blue (green) linés represent ®Rb(’Rb).

dashed red(brown) lines represent fi; ().

A increases.

The
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Correlation function
measure of coherence

The normalized first order correlation function is given by

glsl)(z7z/) =

where,

new(z,7') = ¢p(2)¢u(Z)
fi(z,2) = Z{[% 2)uki(2") + vig(2) vig (2") 1 No (E))

+ij(Z)ij( Z')}.
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Correlation function
measure of coherence

Cs —
0.75 Rb —

At T =0, g0, (0, 2) = 1 for a1 = 30020,

When T # 0, the géls)/Rb(O,z) is maximum at z = 0 and decays to

zero with increasing z.
The rate of decay of the géls)/Rb(O, z) increases with temperature.



Correlation function

Correlation function
distinct variation at T = 25nK
1.0 -

a b

Cs —
0.75 Iy
0.5

0.25
0ao 200a0

0
1.0

9(0,2)

0.75
0.5

0.25
250a9 295a0

0

0 6 120 6 12
The g,El)(O,z) of the individual species cross each other at a certain z.
; (1)
Two species have equal gCS/Rb(O, 7).
With increase in ajo, zp increases, and géls)/Rb(O,zo) decreases.

Difference in the decay rates of géls)/Rb(O,Zo); it is much faster in Cs.
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Correlation function
distinct variation at T = 25nK

Cs Rb
1200

600

300 600

-12-6 0 6 12 -12-6 0 6 12
1.0

c d
0.75

0.5

92(0.2)

0.25

0 6 12 0 6 12

The solid red(black) line represents g'2(0, z) in Cs BEC(Cs-Rb TBEC).
The solid red(black) line represents g4 (0, z) in Rb BEC(Cs-Rb TBEC).
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Phase-segregation
independent of temperature

U2 > / U11Ux

acsrb = 650a0 arbrbL = 20a0
1000 3000 b
S 500 1500
0 0
-15 0 15
z z

Phase-separation in 87Rb-133Cs TBEC for ajp = 650ap.

The solid blue (green) lines represent n.cs(nerp) at T = 0.
The solid maroon (yellowish brown) lines represent n.cs(ncrp), and the
dashed crimson (black) lines represent ficcs(ficrp) at T = 25nK.



Conclusions

Conclusions

To examine the properties of TBECs in the neighbourhood of
phase separation, it is essential to incorporate the thermal
component.

There is a delay or suppression of phase-separation due to the
thermal component generic to any binary BEC mixture.

Different from the classical binary fluids which undergo
miscible-immiscible transition with temperature as control
parameter.

Each species has two sub-components, the condensate and
non-condensate atoms. The condensate components are
coherent, but the non-condensate components are incoherent
and like the normal gas.



Conclusions

Conclusions

e Spatial density variations of all the components due to the
nature of the confining potential.

e The transition to the phase separated domain at finite
temperatures is associated with a distinct change in the profile
of the correlation function.

e In the strongly phase separated domain, temperature does not
alter the density profiles.



Conclusions

Conclusions

e Spatial density variations of all the components due to the
nature of the confining potential.

e The transition to the phase separated domain at finite
temperatures is associated with a distinct change in the profile
of the correlation function.

e In the strongly phase separated domain, temperature does not
alter the density profiles.

...and finally
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Phase-separation in binary BEC
T=0

Density profiles
from miscible to immiscible(phase-separated)
13305 —87 Rb mixture in quasi-1D trap
Wz(Rb) = 27 X 3.89Hz, w,(cs) = 27 x 4.55Hz,
w (cs) = 90.0wz(cs)s wi(rb) = 50.0w,(rp)
Wi > wy, hwy > p
dCsCs = 28080, dRbRb = 10030
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Suppression of phase-separation
7__ 7é O, 312_: 29530_

10

300

= 150

300

150

(a)-(c)The solid blue (green) lines represent ncs(ngry). The dashed
red(brown) lines represent fics(firy) at T = 0,5, 10nK respectively.

A increases.
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Suppression of phase-separation
7__ 7é O, 312_: 29530_

10

300 a

= 150

300

150

-15 0 5 -15 0 5 -15 0 15

(d)-(f) The solid dark cyan (maroon) lines represent n.cs(ncrp)-
The dashed crimson(black) lines nccs(nerp) at T = 0 with the
same number of condensate atoms at 7 = 0,5,10nK respectively.
Effect of i on miscibility-immiscibility transition
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Suppression of phase-separation
T 7é O, a1l = 12030

T=0 T=5 T=10

500 a b c

250

-10 0 10 0 10

(a)-(c) The solid blue (green) lires represent ®Rb(3’Rb). The
dashed red(brown) lines represent fi; ().

A increases.
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Correlation function
measure of coherence

1.0

Cs —
0.75 Rb —

9570, 2)
(=}
ot

.O
o
S

o

At T =0, g, (0,2) = 1.

When T # 0, the géls)/Rb(O,z) is maximum at z = 0 and decays to
zero with z.

The rate of decay of the géls)/Rb(O, z) increases with temperature.



Conclusions

Correlation function
disotinct variation at T #0

a b

= | Cs
0.75 tpp —

0.5

0.25
Oag 220ap

0
1.0

9(0,2)

0.75
0.5

0.25
250a9 290ag

0

0 9 18 0 9 18
The g,El)(O,z) of the individual species cross each other at a certain z.
; (1)
Two species have equal gCS/Rb(O, 7).
With increase in ajo, zp increases, and géls)/Rb(O,zo) decreases.

Difference in the decay rates of géls)/Rb(O,Zo); it is much faster in Cs.
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Correlation function
distinct variation at T = 10nK

Cs Rb

180

92(0.2)

0.25

0 7 14 0 10 20

The solid red(black) line represents g'2(0, z) in Cs BEC(Cs-Rb TBEC).
The solid red(black) line represents g4 (0, z) in Rb BEC(Cs-Rb TBEC).
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Phase-segregation
independent of temperature

U6]5% >/ U11Ux
acsrb = 650a0 arbrb = 20a0

350
f\ a 1000

IS
175 500

-15 0 15

z z

Phase-separation in 87Rb-133Cs TBEC for ajp = 650ap.

The solid blue (green) lines represent n.cs(nerp) at T = 0.
The solid maroon (yellowish brown) lines represent n.cs(ncrp), and the
dashed crimson (black) lines represent ficcs(ficrp) at T = 10nK.
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